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1. Introduction
S-Unit Equation
K $\mathrm{Q}$ $K^{*}=K-\{0\}$ $a_{1},$ $\cdots,$ $a_{n}\in I\iota’*$
$x_{1},$ $\cdots,$ $x_{n}$
$a_{1}x_{1}+\cdots+aX=1nn$ (1)
non-empty subset $I$ of $\{1 \cdots n\}$ subsum
$\sum_{i\in I}$
$aixi\neq 0$ (2)
1097 1999 27-36 27
$\mathrm{S}$ K place
$\mathrm{S}$ - $\mathrm{S}$ $x_{1},$ $\cdots,x_{n}$ $K$
$\mathrm{S}$- (1) Unit
Equation S-Unit Equation
S-Unit Equation (1) $n=2$ Siegel
Roth Thue-
Siegel
$n=2$ J. H. Evertse Best known
(1984, [E1]) , $s$ S cardinality
3 $\cross$ 74s $s$
$a_{1},$ $a_{2}$ S places
$s\geq[K:\mathrm{Q}]/2$ $[K:\mathrm{Q}]$ $n>2$
open $n=2$ Baker effective
W. M. Schmidt Subspace Theorem
H. P. Schlickewei
(1990, [Sch12]) $n$
Best known Evertse $(1995,[\mathrm{E}41)_{\text{ }}$
S-Unit Equation (1) S-
S- $K^{*}$ $G$
Evertse (1984, [E2]) van der Poorten $-$ H. P. Schlickewei (1991,












$|\cdot|_{\mathrm{p}}=\mathrm{Q}$ adic absolute value $P$ $|p|_{p}=1/P$
normahized
$M(K)=$ { $\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{C}\mathrm{e}\mathrm{S}$ of $K$ }
$M^{\infty}(K)=\{\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{C}\mathrm{e}\mathrm{S}\in M(K)\}$
$M_{f}(K)=$ { $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}$ places $\in M(K)$ }
$K_{v}=\mathrm{t}\mathrm{h}\mathrm{e}$ completion of $K$ at a place $v\in M(K)$
$v\in M(K)$ $v$ $P$ v $=$ p for $x\in \mathrm{Q}$
$|\cdot|_{v}$
$\overline{\mathrm{Q}}=\mathrm{Q}$ $\mathrm{C}$ algebraic closure
$v\in M(K)$ $||\cdot||_{v}:=|\cdot|_{v}^{d(v)}$ $d(v)=\mathrm{L}^{K_{v}\mathrm{Q}}A[K:\mathrm{q}]^{1}$ Kv algebraic
closure $\overline{K_{v}}$ $\overline{K_{v}}$ Q $\overline{\mathrm{Q}}$
$||$ . L
$\mathrm{x}=(x_{1}\cdots x_{n})\in\overline{\mathrm{Q}}^{n}$




Product Formula Extension Formula K
S infinite places K place S
$O_{S}=$ { $x\in K:||x||_{v}\leq 1$ for $v\in M(K)-s$} $\text{ }$ S
$Us=\{x\in K:||x||_{v}=1$ for $v\in M(K)-^{s\}}$
$G=K^{*}$ $\sim_{1},$ $\cdots,$ $a_{n}\in K^{*}$ dl, , , $x_{n}\in$
$G$ (2)
$a_{1}x_{1}+\cdots+a_{n}x_{n}=1$ (3)
$G$ free part $r$
Schlickewei #2. Parametric subspace theorem (Quantitative version $\ovalbox{\tt\small REJECT}\mathrm{h}$
1996, [Schl 5] $)$








(3) $n=2$ Schlickewei (3)
$n$ r
$[\mathrm{S}\mathrm{c}\mathrm{h}15]_{\circ}\text{ }$ $G$ $K^{*}$ $\mathrm{c}*$ (
30
r free part torsion )
2 (Schhckewei [Sch18], to appear)
$G$ $\mathrm{c}*$ $n=2$ $a_{1},$ $a_{2}\in \mathrm{C}^{*}$
(3)
$2^{2^{26}+9}r^{2}$
Schlickewei-Schmidt (to appear, [Schl-Schm])
$2^{14r+632r}r$ F. Beukers-Schlickewei (1996, [Be-
Schl]) hypergeometric functions $2^{16(r+1}$ ) bound
E. Bombieri, J. Mueller, M. Poe bound
$(1997, [\mathrm{B}\mathrm{o}-\mathrm{M}- \mathrm{P}_{\lrcorner}^{1})$
3. Absolute bound
Schlickewei Quantitative Parametric Subspace Thorem
Evertse Schhickewei Discriminant
S-Unit Equation
K $\mathrm{Q}$ $d$ Discriminant $D_{K}$ $v\in$
$M(K)$ $||\cdot||_{v}$ $K_{v}$ place
$S$ $S^{f}$ S finite places $S=S^{f\infty}\cup M(K)$
$v\in S$ $L_{1}^{(v)}\cdots L_{n}^{()}v$ Kv linearly independent linear forms
in $X_{1}\cdots X_{n}$ $Q\geq 1$ $\mathrm{c}=(c_{iv} : v\in s, i=1\cdots n)$
$\Pi(Q, \mathrm{c})=\{\mathrm{X}\in O_{S}^{n}$ : $||Li(\mathrm{t}^{v})\mathrm{x})||_{v}\leq Q^{\alpha v}$
$v\in S,$ $i=1\cdots n$
\mbox{\boldmath $\lambda$} $>0$ .
$\lambda\Pi(Q, \mathrm{c}):=\{_{\mathrm{X}\in}O_{s}n$ :
$||L_{i}^{()}v(\mathrm{X})||_{v}\leq\lambda d(v)Qc:_{V}(v\in M^{\infty}(K), i=1\cdots n)$ ,
31
$||L_{i}^{(v)}(\mathrm{X})||_{v}\leq Q^{c_{v}}\cdot.(v\in SJ, i=1, \cdots, n)\}$ ,
$d(v)=1/d$ if $\mathrm{A}_{v}’=\mathrm{R},$ $d(v)=2/d$ if $K_{v}=\mathrm{C}$
The i-th successive minimum $\lambda_{i}=\lambda_{i}(Q, \mathrm{c})$ of $\Pi(Q, \mathrm{c})$ $\lambda\Pi(Q, \mathrm{c})$




D. Roy-J. Thunder( $1996,$ [R-Thl])
F K finite extension $S_{F}$ places of $F$ S
$\mathit{0}_{s_{F}}$ Os integral closure in F $v\in S_{\text{ }}$
$w\in S_{F},$ $w|v$ linear forms $L_{i}^{(w)}$ $c_{iw}$
$L^{(w)}i=Li(v)$ , $c_{iw}=d(w|v)\cdot c_{iv}\cdot(i=1\cdots n)$
$d(w|v)=\cup F_{w}.:_{K]}[F\cdot K_{v}$
$\circ$
$\Pi_{F}(Q, \mathrm{c})=\{\mathrm{x}\in \mathit{0}_{S}^{n_{F}}$ : $||L_{i}\mathrm{t}^{w}\rangle$ $(\mathrm{x})||w\leq Qc:w$
$w\in S_{F},$ $i=1\cdots n$ K finite extensions $F,$ $E$
$F\subseteq$ E $\Pi_{E}(Q, \mathrm{C})\cap F^{n}=\Pi_{F}(Q, \mathrm{c})$
$\mathrm{I}\mathrm{I}(Q, \mathrm{c})$ algebraic closure
$\overline{\Pi}(Q, \mathrm{c})=F\supseteq\cup K\mathrm{I}\mathrm{I}p(Q, \mathrm{C})$
$K$ finite extension $F$ \mbox{\boldmath $\lambda$} $>0$
$\lambda\Pi(Q, \mathrm{c})=\{\mathrm{x}\in o_{S}n$ :
$||L_{i}^{(w)}(\mathrm{x})||_{w}\leq\lambda^{d(w})Q^{c_{w}}\dot{\cdot}(w\in M\infty(K), i=1, \cdots n)$
$||L_{i}^{()}w(\mathrm{X})||_{w}\leq Q^{\mathrm{C}}\cdot.w\}(w\in s_{F}^{f}, i=1, \cdots n)\}$,
$d(w)= \frac{1}{[F:\mathrm{Q}]}$ if $F_{w}=\mathrm{R},$ $d(w)= \frac{2}{[F.\mathrm{Q}]}$. if $F_{w}=\mathrm{C}$
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(Q, c) i-th successive minimum $\overline{\lambda}_{i}=\overline{\lambda}_{i}(Q, \mathrm{c})$ $\lambda\overline{\Pi}(Q, \mathrm{c})$
$i$ hnearly independent vectors from $\overline{o_{s}}$ \mbox{\boldmath $\lambda$} $>0$
3 (Roy-Thunder, 1996 [R-Thl])
$\overline{\Pi}(Q, \mathrm{c})$ $n$ successive minimum
$0<\overline{\lambda}_{1}\leq\cdots\leq\overline{\lambda}_{n}<\infty$
$n^{-n/2}\Delta Qs_{\leq\cdots\overline{\lambda}_{n}}\overline{\lambda}1\leq en(n-1)/4\Delta Q^{\delta}$
Discriminant successive minimum
4
$K$, S $L_{i}^{(v)}(v\in S, i=1\cdots n)$ linear forms
H
$v\in S$ $\{L_{1}^{(v)\ldots(}L_{n}v)\}$ K $X_{1}\cdots$ Xn linearly in-
dependent – $L_{i}^{(v)}$ $H(L_{i}^{(v)})$
$H(L_{i}^{(v)})\leq H,$ $||L_{i}^{(v)}||_{v}=1$ for $v\in S,$ $i=1\cdots n$
$\{L_{1}^{(v)\ldots(}Lv)\}n(v\in S)$ R
$\mathrm{c}=(c_{iv} : v\in s, i=1\cdots n)$
$\sum_{v\in s}\sum_{i=}n1c_{iv}\leq-\delta$
$0<\delta<1_{\text{ }}$




4 (Evertse-Schlickewei, to appear [E-Schl])
$b\leq 4^{(n+5)^{2}}\delta^{-n-3}\log 4R\cdot\log(\delta-1\log 4R)$






5 ( $\mathrm{E}_{\mathrm{V}}\mathrm{e}\mathrm{r}\mathrm{t}_{\mathrm{S}\mathrm{e}_{-}}\mathrm{S}\mathrm{C}\mathrm{h}\iota \mathrm{i}_{\mathrm{C}}\mathrm{k}\mathrm{e}\mathrm{w}\mathrm{e}\mathrm{i}-\mathrm{s}_{\mathrm{C}}\mathrm{h}\mathrm{m}\mathrm{i}\mathrm{d}\mathrm{t}$ , to appear [E-Schl-Schm])




(2) (3) $n$ $r$
$d$
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